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Triangulating Stein fatorizations of generi maps
and Euler harateristi formulas







For a map between manifolds, the spae of the onneted omponents of its bers is alled
the Stein fatorization. In this paper, we show that for a large lass of C
1
maps between
manifolds, their Stein fatorizations are triangulable. As appliations, we obtain several new
Euler harateristi formulas onerning singularities of C
1
stable maps in ertain dimensions.
x 1. Introdution
Let g : M ! N be a generi C
1
map between smooth manifolds. The spae of the
onneted omponents of bers of g is denoted by W
g





and the natural map g : W
g
! N suh that g = g Æ q
g
. Suh
a deomposition of g into the omposition of q
g
and g is alled the Stein fatorization
of g. Sometimes the quotient spae W
g
is also alled the Stein fatorization of g.
It is known that when dimM > dimN , the Stein fatorization of g : M ! N , or
the quotient spae W
g
, is a very important tool in studying the topologial properties of
the map g. Refer to [3, 4, 10, 11, 12, 14, 17, 20, 21℄, for example. In all the known ases,
the quotient spaes of generi C
1
maps are polyhedrons and their loal strutures have
been determined.
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In this paper, we rst show that if g is a so-alled Thom map, then its Stein fator-
ization is triangulable. In partiular, topologially stable C
1
maps have triangulable
Stein fatorizations, and their quotient spaes are polyhedrons. This is a fundamental
result in the topologial study of generi C
1
maps in the sense that it enables us to
study given C
1
maps by using the polyhedral strutures of their quotient spaes.
As examples, we give several Euler harateristi formulas for generi C
1
maps, by
means of triangulations of Stein fatorizations. We pay speial attention to C
1
stable
maps of 3-dimensional manifolds into R
2
and those of 4-dimensional manifolds into R
3
,
and obtain several new formulas.
The paper is organized as follows. In x2 we give a preise denition of the Stein
fatorization of a ontinuous map between topologial spaes and its triangulation.
Then, we state the triangulation theorem of Stein fatorizations of proper triangulable
maps. As a orollary, we see that the Stein fatorization of a proper Thom map is
always triangulable, sine by Shiota [22℄ proper Thom maps are triangulable. In x3
we prove that the Stein fatorization of a proper simpliial map between loally nite
simpliial omplexes is triangulable. The idea is to subdivide the given simpliial map
and to dene an abstrat simpliial omplex whose underlying spae is homeomorphi
to the quotient spae. In x4, we reall Euler harateristi formulas obtained in [16℄ for
simpliial maps and show that loal indies dened in [16℄ also deompose aording to
the Stein fatorization. In x5 we onsider C
1
stable maps of 3-dimensional manifolds
into the plane and get a formula relating the Euler harateristis of the quotient spae
and the image together with the number of singular bers of spei types. In x6, we
onsider C
1
stable maps of 4-dimensional manifolds into R
3
and get a similar formula.
Throughout the paper, we will often abuse the terminology \simpliial omplex" (or
\simpliial map") to indiate the orresponding polyhedron (resp. PL map), although
we will try to use orret notations until x3 in order to avoid onfusion. For a spae X,
id
X
denotes the identity map of X.
x 2. Preliminaries
In this setion, we dene the notion of a triangulation of the Stein fatorization of
a map and state our triangulation theorem of Stein fatorizations.
Denition 2.1. Let g : M ! N be a ontinuous map between topologial spaes
M and N . Two points x; x
0
2M are g-equivalent if g(x) = g(x
0
) and the points x and x
0






)). We denote by W
g
the
quotient spae with respet to the g-equivalene, endowed with the quotient topology.
The quotient map is denoted by q
g
: M ! W
g
. Then there exists a unique ontinuous
map g : W
g
! N suh that g = g Æ q
g
. The quotient spae W
g
or the ommutative







































































































is alled the Stein fatorization of g.
There is a one-to-one orrespondene between the quotient spae and the spae of




Remark 2.2. Even if g : M ! N is a C
1
map between smooth manifolds, the
Stein fatorization W
g
may not neessarily be a manifold. For example, onsider the
Morse funtion g : T
2
! R on the 2-dimensional torus as in Fig. 1. The Stein fatoriza-
tion W
g












































































































































































































































































































































Figure 1. Stein fatorization may not be a manifold
In the following, for a simpliial omplex K, its assoiated polyhedron is denoted
by jKj, and for a simpliial map f : K ! L between simpliial omplexes, jf j : jKj ! jLj
denotes the assoiated PL map.
Denition 2.3. Let g : M ! N be a ontinuous map, where M and N are
topologial spaes. We say that g is triangulable if there exist simpliial omplexes K
and L, a simpliial map f : K ! L and homeomorphisms  : jKj !M and  : jLj ! N
64 Jorge T. Hiratuka and Osamu Saeki















































We all f , K and L triangulations of g, M and N , respetively.
Denition 2.4. Let g : M ! N be a ontinuous map, where M and N are
topologial spaes. We say that the Stein fatorization of g is triangulable if there
exist simpliial omplexes K, L and V , simpliial maps f : K ! L, ' : K ! V and
 : V ! L, homeomorphisms  : jKj !M; : jLj ! N and : jV j !W
g
suh that the











































































































































































































































We all ',  and V triangulations of q
g
, g and W
g
, respetively.
Our rst result of this paper is the following.
Theorem 2.5. Let g : M ! N be a proper ontinuous map between loally om-
pat topologial spaes M and N . If g is triangulable, then so is the Stein fatorization
of g.
Theorem 2.5 will be proved in Setion 3.
Shiota shows in [22℄ that proper Thom maps, whih onstitute quite a large lass
of C
1
maps between smooth manifolds, are triangulable. In partiular, topologially
stable proper C
1
maps are triangulable. Therefore, we have the following.
Corollary 2.6. Let g : M ! N be a proper C
1
map between smooth manifolds.
If g is a Thom map, then the Stein fatorization of g is triangulable.
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(M;N), the set of those maps whose Stein fatorizations are triangulable on-
tains an open and dense subset.
x 3. Triangulating Stein fatorizations
In order to onstrut a triangulation of the Stein fatorization of a given triangulable
map, we begin by studying the bers jf j
 1
(y) for a simpliial map f : K ! L between
simpliial omplexes for y 2 jLj.
The following lemma is well-known (for example, see [13, Lemma 20.5℄).
Lemma 3.1. Let f : K ! L be a simpliial map between simpliial omplexes,
 2 f(K) a simplex of L, and b






















































































































































is the interior of the simplex  and p
2







L be a simpliial map between loally nite simpliial omplexes.
Denition 3.2. Suppose that L is a baryentri subdivision of
e
L. Then by [8,
Lemma 1.8℄, there exist a subdivision K of
e
K and a simpliial map f : K ! L suh
that jf j = j
e
f j. We all f a subdivision of
e
f .
We will dene an abstrat simpliial omplex V and show that its assoiated poly-











L. Let us assume that jf j = j
e
f j : jKj ! jLj is proper.
Let K
(0)
denote the set of verties of K. For v; w 2 K
(0)
, we say that v is f -











(f(w))  K suh that v = v
0
, w = v
s
, and










, i = 0; 1; : : : ; s   1.
This learly denes an equivalene relation. Note that if v  w, then they belong to
the same onneted omponent of jf j
 1
(jf j(v)) = jf j
 1
(jf j(w)).
We dene the abstrat simpliial omplex V as follows. The set of verties V
(0)
is the f -equivalene lasses K
(0)









dene a k-simplex of V if for eah i = 0; 1; : : : ; k, there exists a












   v
0
k





℄; : : : ; [v
k
℄g. It is easy to verify that V denes an abstrat simpliial
omplex.










℄; : : : ; [v
k
℄g. Note that




   v
k
i) may have dimension stritly smaller
than k.










)   f(v
k
)i. Note that  





)   f(v
k
)i denes a simplex of L.
A simpliial map is said to be non-degenerate if it preserves the dimension of eah
simplex.
Lemma 3.3. The map  is simpliial and non-degenerate. Furthermore, the
































































































Proof. It is straightforward to show that  is simpliial. In order to show that












































































℄. Therefore,  is non-degenerate.
The ommutativity of diagram (3.1) follows immediately from the denition of
 .
Lemma 3.4. For the PL maps j'j : jKj ! jVj and j j : jVj ! jLj assoiated
with the simpliial maps ' : K ! V and  : V ! L, respetively, j'j
 1
(x) is ontained
in a onneted omponent of jf j
 1
(j j(x)) for all x 2 jVj.




℄; : : : ; [v
k















)   f(v
k
)i:
As  is non-degenerate by Lemma 3.3, we have j j(x) 2
Æ

. Sine L is a baryentri
subdivision of
e







and dim e  dim  (see








































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 2. The simplies  and e
Fig. 2). (Note that we have dim e > dim  when  is the one over a simplex ontained in
e with non-maximal dimension, with vertex the baryenter b
e
of e .) We may assume,
without loss of generality, that j j([v
0





Consider the line segment  in  joining j j(x) and j j([v
0
℄). Note that  is en-
tirely ontained in the interior of e . Sine jf j = j
e






















































































































is the projetion to the seond fator.
Let y and z be arbitrary two points of j'j
 1
(x). We will show that they be-
long to the same onneted omponent of jf j
 1









































; : : : ; w
j
0





are mapped to [v
0
℄ by '. Then u
0





     w
j
0
, i.e., they be-






















to y, and 
z





to z. We have jf j(
y
) = jf j(
z
) = . Then, u
0
and y are in the same onneted








As a onsequene, y and z are in the same onneted omponent C of jf j
 1
(). By
the ommutative diagram (3.2), we have that C is homeomorphi to , where  is the








. In partiular, jf j
 1
(j j(x))\
C is homeomorphi to , whih is onneted. Moreover, we have y; z 2 jf j
 1
(j j(x))\C;
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therefore, y and z belong to the same onneted omponent of jf j
 1
(j j(x)).
We will show that the underlying spae jVj assoiated to the abstrat simpliial
omplex V is homeomorphi to W
jf j







(x)), x 2 jVj, where q
jf j
: jKj ! W
jf j
is the quotient map assoiated
with jf j : jKj ! jLj. By virtue of Lemma 3.4, the map  is well dened.










































































































































































































































































































































Part (I) in the above diagram is ommutative. Part (II) is also ommutative by the
denition of . For the ommutativity of (III), by the denition of  and ommutativity
of (I) we have, for x 2 jVj,




(x))) = jf j(j'j
 1
(x)) = j j(x);
where the last equality follows from the ommutative diagram (3.1). Therefore, part
(III) is also ommutative.
In order to dene the inverse map of , we need the following.





(x)) onsists of a single point.
Proof. Let y and z be any two points in q
 1
jf j
(x). By ommutativity of part (I) of
diagram (3.3), we have
jf j(y) = jf j Æ q
jf j
(y) = jf j(x) = jf j Æ q
jf j
(z) = jf j(z):




























































































) =    = f(w
m
):





; : : : ; u
`
are verties of 
y
2 K, we have
u
0







     u
i
1

















     w
j
1




     w
m
:
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℄ for all r by our assumption (3.4), we have
j'j(y) = j'j(z).
In order to show the equivalenes (3.4), we need the following.













Proof. Let  be a simplex ontained in jf j
 1
() suh that f() =  . Let 
0
be




, and let 
1
be the omplementary fae of
 formed by the verties not belonging to 
0



















































) is well dened and denes a strong
deformation retrat.
Let us now show the equivalenes (3.4). For eah r there exist






























































is the path !
3































Now it is easy to modify the path 
r
Æ!, xing the end points, so that it passes through













for all r = 0; 1; : : : ; k.
Let us dene the map  : W
jf j
! jVj by (x) = j'j(q
 1
jf j
(x)), x 2 W
jf j
. This is well
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Part (II) of the above diagram is learly ommutative. As to part (III), take a point
w 2W
jf j
. Sine j j Æ j'j = jf j and jf j Æ q
jf j
= jf j, we have j j Æ j'j = jf j Æ q
jf j
. Then




= (j j Æ j'j)(q
 1
jf j





(w)) = jf j(w):
Therefore, part (III) is also ommutative.
To prove the ontinuity of  we need the following.
Lemma 3.7. If jf j is proper and K and L are loally nite, then j'j is a losed
proper map.
Proof. Let D be a ompat subset of jVj. Let us show that j'j
 1
(D) is a om-





(j j(D)). Sine j j is ontinuous and jf j is proper, we see that jf j
 1
(j j(D))
is a ompat subset of jKj. On the other hand, j'j
 1
(D) is a losed subset, sine j'j
is ontinuous. Sine it is ontained in the ompat set jf j
 1
(j j(D)), it is ompat.
Therefore, j'j is a proper map.





℄; : : : ; [v
m












   v
0
m
i 2 K, and v  v
0
i
for some i. Sine jf j is proper, there exist at
most nitely many verties w of K suh that v  w. For eah w, we have only nitely
many simplies of K that have w as one of its verties, sine K is loally nite. Then
only a nite number of simplies of V have [v℄ as one of its verties. Therefore, V is
loally nite.
Then, by [15, Lemma 2.6, p. 11℄, jKj and jVj are loally ompat. By [15,
Lemma 2.4, p. 10℄, they are Hausdor. Sine j'j is proper, by [2, Proposition 11.5,
p. 33℄, j'j is a losed map.
Now we are able to show the following.
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Lemma 3.8. Under the hypothesis above,  is the inverse map of . Further-
more,  and  are ontinuous.
Proof. Let w be an arbitrary point of W
jf j
. Then we have



















(w)))) onsists of a

















(w)))) = w. Therefore, we have  Æ (w) = w, 8w 2 W
jf j
, and




Consider now an arbitrary point y of jVj. We have



























(y)))) ontains y, sine j'j is surjetive. Hene, we have
( Æ )(y) = y, 8y 2 jVj, and onsequently  is the inverse map of .





(B) is an open subset of W
jf j





(B)) is an open subset











(B) is an open subset of jKj,
sine j'j is ontinuous. Therefore,  is ontinuous.
Sine  is the inverse of , in order to show that  is ontinuous, we have only












(D)) is losed in jVj. On the other hand, j'j(q
 1
jf j
(D)) = (D), sine q
jf j
is surjetive. Therefore,  is ontinuous.







L be a simpliial map between two loally nite
simpliial omplexes suh that j
e




Lj is proper. Let f : K ! L be a baryentri
subdivision of
e
f . Then, there exist a simpliial omplex V, a simpliial map ' : K ! V,
a non-degenerate simpliial map  : V ! L and a homeomorphism  : jVj ! W
jf j
,
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Remark 3.10. In Proposition 3.9, the rst diagram an be regarded as a trian-
gulation of the Stein fatorization of j
e




Lj (see Denition 2.4). In partiular,
the quotient spae W
jf j
is homeomorphi to a polyhedron.
Proof of Theorem 2.5. Let g : M ! N be a ontinuous map between topologial







L be a triangulation of g, i.e., there exist homeomorphisms
 : j
e
Kj ! M and  : j
e
Lj ! N suh that  Æ j
e





L are loally nite. Let f : K ! L be a baryentri subdivision
of
e
f . It follows that K and L are also loally nite. The map jf j : jKj ! jLj is proper
and  Æ jf j = g Æ .
















































































































































































































































Consider now the simpliial omplex V, the simpliial maps ' : K ! V,  : V ! L
and the homeomorphism  : jVj ! W
jf j
, whih exist for f by Proposition 3.9. The








































































































































































































































































































































Then the map : jVj ! W
g
dened by  =  Æ  is a homeomorphism and satises
the ommutative diagram of Denition 2.4 with V replaed by V. Therefore, it follows
that the diagram (3.1) is a triangulation of the Stein fatorization of g.
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Remark 3.11. In the above proof, we used a baryentri subdivision of a given
triangulation. This proedure is neessary, sine without the baryentri subdivision,
the spae that we get may not be a simpliial omplex as an be seen in Fig. 3.
Furthermore, we need that the map is proper, in order to guarantee that the re-
sulting spae is loally nite as a simpliial omplex. See Fig. 4 for an example of a
non-proper simpliial map whose Stein fatorization is not loally nite. As another ex-
ample, onsider the map g : R
2
rf0g ! R dened by g(x; y) = x, whih is a non-proper
submersion. Then its Stein fatorization is not even Hausdor.
Figure 3. Stein fatorization of a simpliial map
Figure 4. Example of a non-proper simpliial map
x 4. Euler harateristi and loal indies for simpliial maps




-stable map, where M is a smooth losed manifold. We
would like to nd formulas relating the number of singularities of g with the Euler
harateristis of ertain subsets of M , g(M) and W
g
.
In [16℄, Ballesteros and Saeki dene loal indies for simpliial maps f : K ! L
between simpliial omplexes, where K is nite. They have found a formula relating
suh indies with the Euler harateristis of the soure and the image of f . In this
setion we rene their formula by using the Stein fatorization of f .
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Denition 4.1. Let f : X ! Y be a simpliial map, where X is a nite simpli-
ial omplex.
(i) The losure of the set fx 2 X : f
 1
(f(x)) 6= fxgg inX is alled the self-intersetion
set of f , denoted by D(f).
(ii) The set M(f) = f(D(f)) is alled the multiple-point set of f .
Note that D(f) and M(f) onstitute subomplexes of X and Y , respetively. Further-
more, if v 2M(f), then f
 1
(v)  D(f).










dim  + 1
with  running over all simplies of C whih ontain u. Then, we dene the index
Ind
f



































Remark 4.2. We an dene the index for any vertex v 2 (f(X))
(0)
by (4:1).
Then, by denition we have Ind
f





















In the following,  denotes the Euler harateristi with respet to the singular
homology. By [16, Theorem 3.3℄, we have the following.
Theorem 4.3. Let f : X ! Y be a simpliial map between two simpliial om-








Let f : X ! Y be a simpliial map, where X is nite. Let us assume that it is the
subdivision of a simpliial map as in Denition 3.2. By Proposition 3.9 we have the
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following Stein fatorization, where W
f
is a nite simpliial omplex whose assoiated








































































































Note that f : X ! Y is proper, sine X is a nite simpliial omplex and its assoiated
polyhedron is ompat.
Sine the quotient spae W
f
is nite, we an apply Theorem 4.3 above three times


























In fat, we have the following.
Lemma 4.4. Let f : X ! Y be a simpliial map between two simpliial om-
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x 5. Stable maps of 3-manifolds into R
2
Let M be a losed orientable 3-dimensional manifold. In this setion, by applying
Corollary 2.6 and Theorem 4.3 to a C
1
-stable map g : M ! R
2
and its Stein fatoriza-
tion, we obtain a formula relating the singularities of g to its topologial invariants.
In the following, for a topologial spae X, 

(X) denotes the Euler harateristi
of X dened by using the Borel{Moore homology H


(X;Z) (see [1℄), or the homology
of innite hains (see [23, Chap. 6, x3℄). Note that when X is ompat, 

(X) oinides
with the Euler harateristi (X) dened by using the usual singular homology.
The following well-known proposition gives us onditions for a C
1




-stable. For details, see [5, 11, 12℄.





map. Then g is C
1
-stable if and only if the following loal and global onditions
are satised.
(i) For all p 2 M , there exist loal oordinates (x; y; z) and (X;Y ) around p 2 M and
g(p) 2 R
2
, respetively, suh that

























); p : usp point:
Note that then the set S(g) of singular points of g forms a losed submanifold of M
of dimension 1.
(ii) For every usp point p 2 S(g), we have g
 1
(g(p)) \ S(g) = fpg, and the map
gj
S(g)rfusp pointsg
is an immersion with normal rossings.





map. The singular set S(g) of g is the union of the set S
0
of the denite fold points,
the set S
1
of the indenite fold points, and the set C of the usp points.

































































































Every point p ofW
g
admits one of the anonial neighborhoods as shown in Fig. 5, where
the thik lines represent the image of the singular set S(g) of g by q
g
(see [11, 12℄). A
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Figure 5. Loal strutures of W
g




(p) having a neighborhood as in the upper-right gure of Fig. 5 is




(p) having a trident or a double one as
its neighborhood is said to be non-simple.
Remark 5.2. The images of the anonial neighborhoods as above by g are as
shown in Fig. 6 (see [12℄).
From [25, 26℄ it follows that g is triangulable and by Theorem 2.5 or by Corol-
lary 2.6, W
g
is homeomorphi to a polyhedron. Let f : K ! L be a triangulation




f be triangulations of q
g
and g, respetively. They onstitute a










































































































and C, respetively, as long as there is no risk of onfusion.












(r)) ! (L; r). For example, when f
 1















), we have the two possibilities: the multi-germs are
desribed as in either Fig. 7 or Fig. 8.












































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 7. Multi-germ orresponding to a trident




Notation 5.4. In the following, for an equivalene lass of a singular ber in the
sense of [19, Remark 3.14℄, say I
0
, the symbol I
0
(g) denotes the set of points y 2 R
2
suh
that the ber g
 1
(y) over y is equivalent to I
0
and some opies of a ber of the trivial
irle bundle. We also use the notation I
0
(f), et., for the orresponding subomplexes
of f(S(f)). Furthermore, for a nite set X, jXj denotes the number of its elements.
Remark 5.5. The number of verties in f(K)rf(S(f)) and that in I

(f) depend
on the hoie of a triangulation f : K ! L of g, while the numbers jII

(f)j do not.




(y)j the multipliity of y. Simi-
larly, for z 2 g(M), we all k = jg
 1
(z)j the multipliity of z. For eah positive integer































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 8. Multi-germ orresponding to a double one








Remark 5.7. The multipliities of y 2 f(K) and z 2 g(M) are positive integers,
sine

f is a non-degenerate simpliial map and g
 1
(z) onstitutes a nite set of points
whih orrespond to the onneted omponents of g
 1
(z).
Set  = f(S(f)). Consider the following deomposition of the set f(K) into the



































()!  in the sense of (4.1).
Using Remark 5.3 and onsidering a neighborhood of eah vertex v 2 
(0)
, we an




(v) as follows. Let k be the multipliity of a vertex v 2 
(0)
.


























Then we obtain Table 1. For notations related to singular bers, refer to [19, x3.1℄.
In the following, for eah positive integer k, we denote by II
00
k
(f) the set of points
in II
00





















-stable map of a losed orientable 3-














(f) k   2
v 2 II
01













Table 1. Index of eah vertex v 2 
(0)



























































































































































































































































































































































































Sine f is a triangulation of g and g(W
g
) = g(M), we get the desired result.
We have the following immediate orollary, whih is originally due to Thom [24℄.




-stable map of a losed orientable 3-
dimensional manifold into the plane. Then, the number of usps is always even.
Some expliit examples an be found in [6℄.
x 6. Stable maps of 4-manifolds into R
3
In this setion, we study C
1
-stable maps g : M ! R
3
, where M is a losed ori-
entable 4-dimensional manifold. We will obtain an integer formula relating singularities
of suh a map with some topologial invariants.





map. Then, g is C
1
-stable if and only if the following loal and global onditions
are satised.
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(i) For every p 2M there exist loal oordinates (x; y; z; w) and (X;Y; Z) around p 2M
and g(p) 2 R
3
, respetively, suh that





























); p : indenite fold point,
(x; y; z
3
+ xz   w
2





+ yz + w
2





+ yz   w
2
); p : indenite swallowtail point.
(ii) Set S(g) = fp 2 M : rank dg
p
< 3g, whih is a losed 2-dimensional submanifold
of M under the above ondition (i) and is alled the singular set of g. Then, for
every r 2 g(S(g)), g
 1





(r) \ S(g)) is equivalent to one of the six multi-germs as desribed in
Fig. 9: (1) represents a single immersion germ whih orresponds to a fold point, (2)
and (4) represent normal rossings of two and three immersion germs, respetively,
eah of whih orresponds to a fold point, (3) orresponds to a usp point, (5)
represents a transverse rossing of a uspidal edge as in (3) and an immersion
germ orresponding to a fold point, and (6) orresponds to a swallowtail point.




-stable map of a losed orientable 4-dimensional manifold
M . Then, as in the previous setion, we have a triangulation of the Stein fatorization


































































































We also use notations similar to those in the previous setion. In partiular, for notations
related to singular bers, refer to [19, x3.1℄.





on the hoie of a triangulation f : K ! L of g, while the numbers jIII

(f)j do not.








. Note that  is the set of points r 2 f(K)









instead of f(S(f)) as , sine we need to ignore the







































Figure 9. Multi-germs of gj
S(g)




(v) for eah vertex v of 
III
is given as in




(v) for eah vertex v of 
II
vanishes.











(f). For example, for v 2 III
4
(f), the bers near the
singular ber omponent of f
 1
(v) are as in Fig. 10 (for details, see [19, x3.1℄). Then,




(v) aording to its denition. Details are left to the
reader.











(g)) of multipliity k.
By the same argument as in the proof of Theorem 5.8, we obtain the following.




-stable map of a losed orientable 4-








(f) 2k   (7=2)
v 2 III
001
(f) 2k   (5=2)
v 2 III
011
(f) 2k   (3=2)
v 2 III
111
(f) 2k   (1=2)
v 2 III
02
(f) 2k   (3=2)
v 2 III
03
(f) 2k   (5=2)
v 2 III
12
(f) 2k   (1=2)
v 2 III
13
(f) 2k   (3=2)
v 2 III
4
(f) 2k   (1=2)
v 2 III
5








(f) 2k   2
v 2 III
7
(f) 2k   (3=2)
v 2 III
8
(f) 2k   2
v 2 III
0a












(f) (k   1)=2
v 2 III
e
(f) (k + 1)=2
Table 2. Index of eah vertex v 2 
(0)
dimensional manifold into R
3
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(g) = fy 2 g(M)r g(S(g)) : jg
 1








(g) = fy 2 g(S(g))r : jg
 1
(y)j = kg.
As an immediate orollary, we have the following.




-stable map of a losed orientable 4-
dimensional manifold into R
3
. Then, we have




















(g)j)  0 (mod 2);
where T (g) ( R
3
) is the set of triple points of gj
S(g)
in the target as in Fig. 9 (4).
Note that the above ongruene an also be obtained by using the adjaenies of
singular bers. For details, see [19, Remark 4.4℄.
Example 6.6. Consider the C
1







[19℄. Note that g has only fold points as its singularities. Furthermore, the set g(S(g))
is a disjoint union of three spheres, whih are the images of denite fold points, and a
Boy surfae, whih is the image of indenite fold points. Therefore, g has exatly one
singular ber of odimension three and g has neither swallowtails nor usp points.









(g)j = 0 for all k > 0. From




(g)j)  0 (mod 2). This implies
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, sine jT (g)j = 1.
In fat, g has exatly one singular ber of type III
8
.









satisfying the following properties.
(1) The singular set S(g
1






(see [7, Example 5.8℄ as
well).
(2) The map g
1
has six swallowtails and six urves of usp points.
For the map g
1






, one of whih orresponds to a
singular ber of type III
000
, and six denite swallowtails. Note that the six swallowtails
are of the same type, while three of them have multipliity one and the other three have








)j  1 (mod 2):
Sine jT (g
1




)j = 1, the singular ber orresponding to the other




















satisfying the following properties.
(1) The singular set S(g
2





(2) The map g
2
has a irle of usp points and some surfaes of fold points, while it
does not have any swallowtails.






onsists of two onneted omponents: the
image of RP
2
is a singular surfae obtained from an embedded sphere with a uspidal
edge irle, by replaing a small 2-dimensional disk with a puntured Boy surfae,
and the image of S
2
is embedded so that it surrounds the image of RP
2
.
As in Example 6.6, g
2













Remark 6.9. As a onsequene of Corollary 6.5, if a C
1
-stable map g : M ! R
3
of a losed orientable 4-dimensional manifold M does not have any swallowtails and
gj
S(g)
has only one triple point, then the singular ber orresponding to this point has




. Moreover, by [18, Corollary 5.4℄, the Euler harateristi
(M) is odd.
88 Jorge T. Hiratuka and Osamu Saeki
Remark 6.10. Some related Euler harateristi formulas based on singular bers
of maps are obtained in [7℄.
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